It is possible that the hierarchy in the masses and mixing of quarks is a result of a horizontal symmetry. The smallness of various parameters is related to their suppression by high powers of a scale of new physics. We analyze in detail the structure of such symmetries in view of new experimental data and present explicit models consistent with all phenomenological constraints. We show that it is possible that the flavor dynamics can be at accessible energies -as low as a T eV .
Introduction
The experimental values of the quark sector parameters, even if consistent with each other, may provide important hints for new physics beyond the standard model. In recent years, much progress has been achieved in the determination of these parameters: heavy quark symmetry and additional experimental measurements allowed a more accurate determination of |V cb | = 0.040 ± 0.007; measurements in CLEO and ARGUS of the leptonic spectrum near the endpoint in charmless B decays provided a first determination of |V ub /V cb | = 0.10 ± 0.03; and the combination of direct searches in CDF with precision electroweak measurements in LEP gave stringent bounds on m t ≈ 135 ± 45 GeV . Consequently, all six quark masses and three mixing angles became known to within a factor of two or so. This calls for a re-examination of various frameworks that try to explain the hierarchy in these parameters.
Most theoretical frameworks that provide such an explanation suggest that the new physics responsible for the hierarchy takes place at a very high energy scale, typically the GUT scale (see, for example, refs. [1 − 9] ). If this is indeed the case, it would be very difficult to test these ideas beyond the numerical estimates that they provide for the quark masses and mixings. If, on the other hand, the physics of flavor lies at the T eV scale (see, for example, refs. [10 − 12] ) then it may be accompanied with rich phenomenology that may be accessible to future experiments.
In this work, we study the possibility that the hierarchy in the quark sector parameters is a result of a horizontal discrete symmetry. We analyze in detail the structure of such symmetries in view of the new experimental data; and we carefully examine the possibility that the symmetry is broken at low enough energies to be tested in experiment.
We have in mind supersymmetric models. Most of our discussion is in this context and we ignore the soft breaking terms. However, our ideas are more general and apply also to non-supersymmetric models.
In sections 2-4 we discuss general features of horizontal symmetries and their breaking mechanism: in section 2 we prove that horizontal symmetries cannot be exact and require that the scalar sector is extended beyond the single Higgs doublet of the standard model; in section 3 we discuss the phenomenological consequences of the symmetry breaking at various scales and analyze the implications of natural flavor conservation; and in section 4 we show that only Abelian horizontal symmetries are relevant in a large class of models. In sections 5-6 we introduce a more specific framework, where mixing and hierarchy of masses arise from nonrenormalizable terms: in section 5 we discuss the theoretical framework and in section 6 we present the requirements that arise from the measured values of the quark sector parameters. In section 7 we present several explicit models that explain the observed hierarchy in the quark sector parameters, and in section 8 we study the possibility that the new physics related to these models takes place at a low enough scale to be observed in experiment. Finally, we give our conclusions in section 9 . In an appendix we extend our ideas to the lepton sector.
General Features of Horizontal Symmetries
Our basic assumption in this work is that there is a horizontal symmetry H that gives a certain structure to the quark mass matrices. Throughout our discussion, we assume that H is a discrete symmetry which might or might not be gauged.
We note that spontaneously broken discrete symmetries may cause cosmological problems by creating domain walls. We have nothing to add in this respect.
In this section, we prove two well known facts about horizontal symmetries: that they cannot be exact and that they require extending the scalar sector beyond the single Higgs doublet of the standard model. We present the proofs in a way which is useful for our argumentation later.
We denote quark fields by Q,d andū for, respectively, (3, 2) 1/6 , (3, 1) 1/3 and 
The mass matrices M u = λ ub φ b and M d = λ da φ a are diagonalized by biunitary transformations,
with the CKM mixing matrix
Under H, the fields transform as
In the mass basis, left handed quarks transform as
where
First, we prove that if H is not broken, there are either degenerate quarks or vanishing mixing angles. If H is unbroken, then the mass matrices are invariant under the symmetry operation, namely 8) and consequently
In the mass basis, the conditions (2.9) translate into 
Spontaneous Breaking of Horizontal Symmetries
From the phenomenological point of view, the scale Λ H at which the sponta- A well known mechanism to avoid FCNC is that of Natural Flavor Conservation (NFC) [14] , which requires that there is only one scalar doublet coupled to each quark sector:
This is the situation in supersymmetric models. An important characteristic feature of these couplings is the existence of a global U(1) X symmetry:
and all other light fields carry X = 0. Note that U(1) X is not necessarily a symmetry of the full Lagrangian but only of the terms in equation (3.2) . Such a situation with an extended symmetry of the Yukawa terms is natural either in supersymmetric models or with suitably chosen discrete symmetries. The Yukawa Lagrangian (3.2) is, however, unacceptable in the framework of horizontal symmetry: The combination of spontaneously broken horizontal symmetry and NFC leads to either degenerate quarks or trivial mixing angles [15 − 17] .
To prove this statement, note that as there is only one scalar doublet coupled to each quark sector, each of them is in a one dimensional representation of H.
The transformation law (2.4) can be rewritten for the scalar fields:
where P q is a phase transformation. Then we can define a symmetry H ′ of the Yukawa terms (3.2), isomorphic to H, that operates on the various fields as
B is baryon number symmetry). Such redefinitions of the horizontal symmetry will be used extensively below.
Since both φ u and φ d transform trivially under H ′ , H ′ is not broken. As proved in the previous section, this implies either degenerate quarks or trivial mixing angles. The framework of this work is then defined as follows: We assume that there is a horizontal symmetry H which is spontaneously broken, preferably at a low scale Λ H . In addition, there is Natural Flavor Conservation broken by nonrenormalizable terms and suppressed, therefore, by a high energy scale M > Λ H .
Abelian or nonabelian?
Within our framework, the tree level renormalizable Yukawa terms are of the form (3.2). Then φ d and φ u are necessarily in one dimensional representations of H. If all the scalars that couple to quarks are in one dimensional representations of H, then all quarks are also in one dimensional representations ⋆ .
To prove this statement, note that as the scalars have only phase transforma- (ii) L is reducible to a two dimensional and a one dimensional representations.
Then (4.1) implies that the two generations in the two dimensional representation are degenerate. But more important, the single generation in one dimensional representation does not mix with the other two generations. This holds to all orders since any combination of scalars is still in one dimensional representation of
H.
A way out of this scenario is to add an SU(2)-singlet scalar in a two dimensional representation of H. Then nonrenormalizable terms may induce the required mixing.
⋆ A similar point was recently made in a different context in ref. [18] .
(iii) L consists of three one dimensional representations. This implies that R d and R u also reduce to one dimensional representations.
The conclusion is that if all scalars reside in one dimensional representations of a horizontal symmetry, then only an Abelian (sub-)group H is relevant.
Mass and Mixing Hierarchy from Nonrenormalizable Terms
The mechanism that we employ to create the hierarchy in the masses and mixing of quarks is similar to that suggested by Froggatt and Nielsen [1] . To explain the general idea, it is simplest to consider the spontaneous breaking of the horizontal symmetry by a VEV of a scalar S which is a singlet of the standard model. Then the breaking scale is simply
We further assume that at some higher energy scale, M, natural flavor conservation is broken. Specifically, we will introduce additional pairs of mirror fermions with masses of order M.
Consider first the possibility that the U(1) X symmetry of (3.3) can act also on the massive fermions such that all Yukawa terms in the Lagrangian are invariant.
When we integrate out the massive fermions the effective Yukawa couplings below M are of the form
In non-supersymmetric models we should also allow powers of S † . They can be incorporated in the following discussion by allowing negative m and n but we will ignore this possibility. Without loss of generality, we can use U(1) Y × U(1) X rotations and rescaling to redefine the horizontal charges (which we also denote by H) of the scalar fields to
Then the power m ij (n ij ) in eq. (5.2) is simply the horizontal charge difference between Q i and d j (u j ):
(We assume for simplicity that the horizontal symmetry is U(1) H rather than a discrete subgroup of it. Suitable terms in the scalar potential explicitly break U(1) H to a discrete subgroup. As mentioned above, such a situation can be natural.) In the quark mass matrix,
appears (we absorb a Yukawa coupling of S to massive fields into the definition of Λ H ). The hierarchy in the quark sector parameters appears because various mixing angles and mass ratios depend on different powers ǫ m . Even if ǫ by itself is not a very small number, the physical parameters may be very small if they depend on high powers m, namely if there are large H-charge differences between quarks.
The mixing angles are determined by the H-charge differences between the quark doublets:
Eq. (5.7) implies that
always holds in our framework. As for the mass ratios, they depend on the charges
Note that with the Yukawa Lagrangian (5.2), there are no flavor changing neutral currents mediated by the scalar doublet fields. The effective Yukawa couplings
can be diagonalized simultaneously with the corresponding mass matrices. Only the singlet scalar S mediates FCNC. This is rather fortunate: lower bounds on the doublet masses from FCNC may be difficult to satisfy because they may be in conflict with upper bounds from triviality or unitarity. In particular, in a supersymmetric framework, there is in general a strong upper bound on the mass of the lightest neutral scalar ⋆ , of order 150 GeV (see e.g. refs. [19−21] ). On the other hand, the mass of a singlet scalar is not related to the electroweak breaking scale and could be easily set to satisfy constraints from FCNC. We will study these constraints in section 8.
Next, we consider the possibility that U(1) X of eq. (3.3) is not a symmetry of the full Lagrangian and this leads to Yukawa interactions of the form
with non-zero k ij and l ij . This has two important implications:
a. There is an additional small parameter,
Together with ǫ, a more detailed explanation of the hierarchy in parameters may become possible.
⋆ We thank T. Banks for stressing the relevance of these bounds to our problem.
b. There are FCNC mediated by the doublet scalar fields (and not only by the singlet). This may lead, as discussed above, to phenomenological problems in some cases.
From (5.10) it can be seen that we can do with no singlets at all, with just η 2 as our small parameter. This scenario, however, would turn out to lead to considerable difficulties.
Three comments are in order.
(i) Another generalization (which we will study in detail below) is based on adding more singlets. For example, with two singlets, S 1 and S 2 , there are two small parameters (even when U(1) X holds at low energy), ǫ 1 and ǫ 2 . This, again, would allow more structure to the mass matrices though some of the predictivity is lost.
(ii) In general U(1) H × U(1) X is explicitly broken by the scalar potential and the horizontal symmetry of the full Lagrangian is a discrete subgroup H ⊂ U(1) H × U(1) X . It is easy to construct models such that H invariance guarantees that the Yukawa couplings are invariant under U(1) H × U(1) X .
(iii) The expressions for the mixing angles (5.7) and for the masses (5.9) imply
, then the corresponding 2 ×2 mass matrix has the form
It is well known that such a relation holds to within a few percent for the two
ms . We emphasize that while the order of magnitude relation (5.12) is easy to derive in our framework, an actual equality as the experimental values may suggest (see next section) is difficult to obtain. The reason is that the natural way to obtain an equality [3] ,
requires not only M 11 = 0 but also |M 12 | = |M 21 |. The latter equality is not natural without left-right symmetry, but we were unable to find left-right symmetric models consistent with all our requirements.
Numerology
In this section we introduce the experimental values of the quark sector parameters and analyze the hierarchy required in the mass matrices to produce these values.
For the mixing angles, we take (see ref. [22] and references therein) |V ub /V cb | ∼ |V us | holds to within a factor of 2-3. This is encouraging, because the relation is a very general feature of our framework.
For quark masses at 1 GeV, we take [23] m u = 5.1 ± 1.5 MeV, m c = 1.35 ± 0.05 GeV, m t ∼ 225 ± 75 GeV, 
3)
The largest of the small parameters is the Cabibbo angle, |V us | ∼ 0.22. If we set our small expansion parameter to equal |V us |, then we should roughly aim at ǫ ∼ |V us |,
With this order of magnitude estimate, we have
where φ d is of the same order as φ u . As we will see below, the very high powers of ǫ mean that we would need a large number of fields in the high energy theory to produce this hierarchy. In either of these possibilities the required high energy model could have fewer massive fields.
As we will later see, it is difficult to construct a viable low energy model with ǫ as large as 0.22. We may need two small parameters, ǫ 1 ∼ 0.04 and ǫ 2 ∼ 0.008:
Finally, we mention the possibility that there is only one small parameter, ǫ ∼ 0.04 and a much cruder estimate of the various parameters can be achieved:
(6.8)
Explicit Examples
We now turn to some explicit examples of the general ideas discussed above.
We first construct a low energy model with two small parameters ǫ 1 and ǫ 2 . We assume that they arise from the VEV's of two singlet fields S 1 and S 2 :
These small numbers are not extremely small and are perfectly natural. As we will see, we absorb a typical Yukawa coupling into the definition of S i . This makes ǫ smaller than the ratio of scales. Furthermore, the ratio between the two VEV's,
is a number of order one. It can arise dynamically by minimizing the scalar potential. We do not address this issue here.
Let us consider the following set of matrices, where the various entries give the corresponding orders of magnitude (and not exact numbers):
For φ u ∼ φ d they lead to exactly the required relations of eq. (6.6).
Such mass matrices can arise from non-renormalizable terms in the low energy Lagrangian with two fermions and a number of scalars. We take the horizontal symmetry to be U(1) H1 × U(1) H2 and also impose the U(1) X symmetry on the Yukawa couplings. We actually have in mind an anomaly free discrete subgroup of U(1) X × U(1) H1 × U(1) H2 . For example, we can consider the symmetry
. Then the models presented below are free of QCD anomalies. Anomalies with the SU(2) gauge group cannot be discussed without assigning charges to the leptons and without deciding whether the horizontal symmetry is an R-symmetry or not. All the results concerning the quark mass matrices are unchanged, so we use the simpler presentation with U (1) charges.
Using U(1) Y × U(1) X we can set the horizontal charges of the scalars to be
Using the baryon number symmetry U(1) B we can set
Then the mass matrices (7.3) are consistent with the H 1 and H 2 charges for quarks:
We can replace the two fields S 1 and S 2 with a single scalar S such that ǫ = S M ∼ 0.2 satisfies ǫ 3 = ǫ 2 and ǫ 2 = ǫ 1 (thus explaining ǫ 2 2 = ǫ 3 1 ). The U(1) H1 × U(1) H2 symmetry is replaced then by a single U(1) H generated by H = 2H 1 + 3H 2 , with H(S) = −1. This allows also non-zero couplings at the (1, 2) and (3, 2) entries of M u . Clearly, in such a scheme there is no need to explain the ratio ǫ2 ǫ1 = 0.2.
We now turn to the high energy theory. As in the mechanism of [1] , we would like to introduce massive fields such that when they are integrated out we derive the non-renormalizable terms needed in the low energy theory. There are many ways to do that. For example we can add SU(2) singlet color triplet fields U i with charge +2/3 and D i with charge -1/3:
and fields with conjugate horizontal and gauge quantum numbersŪ i andD i .
For the up sector we need a 6×6 matrix whose rows correspond to {Q 1 , Q 2 , Q 3 , with the same quantum numbers, we use the freedom to mix them to set some of the explicit mass terms in the matrices below to zero. Using the quantum numbers we find the orders of magnitude for the various entries (M is the high scale): Although we can have different sets of fields in the high energy theory leading to an acceptable mass matrix for the light fields, a simple argument shows that we need at least three U and at least five D quarks (we can also replace a pair of SU(2) singlets U and D with a single colored doublet). The mass matrices (7.3)
Since the determinants of M full u and M full d are polynomials in φ q , S i and M and they differ from the determinants of M u and M d by powers of M, we need at least three U quarks and at least five D quarks. This argument is very general. It is independent of the gauge and horizontal quantum numbers of the massive fermions.
It also counts correctly different fermions with identical quantum numbers which are needed to make the determinant non-zero.
If m u = 0, we can set some of the entries in M u to zero. The determinant of the block of massive light particles is then φ u 2 ǫ 2 . By the previous argument such a matrix can be obtained with only one U quark in the high energy theory. An example of such a theory is the previously discussed theory but without U 2 and
If the smallness of m b /m t arises from a small ratio of VEV's φ d / φ u , we can
. Such a matrix can be obtained with only two D quarks in the massive fermion sector.
An example of such a model is derived by modifying the H 1 and H 2 charges of the singlet down quarks of the model above to field
and by dropping the massive fermions D 1 , D 2 and D 5 . After integrating out the two heavy fields we find
The Scales in the Problem
Within our theoretical framework, there are three energy scales: the electroweak breaking scale ∼ φ u , the horizontal symmetry breaking scale ∼ Λ H ∼ S , and the mass scale of the extra massive fermions ∼ M. In the explicit models presented in the previous section, neither S nor M are fixed, but their ratio S /M is constrained to be of order 0.04. It is then possible that the new physics related to the scales S and M may be at energies accessible to future experiments.
On the other hand, various constraints imply that the scales M and S cannot be arbitrarily low. At the scale M, new colored multiplets appear which affect the running of α s . Requiring that no Landau pole appears up to some high energy scale gives a lower bound on M. At the scale S there are scalars which mediate flavor changing neutral currents. Requiring that these contributions would not exceed the experimental values gives a lower bound on S . In this section we study these bounds.
The general formula for the running of α s in our framework is
where M SUSY is the scale of the various sparticles and N T is the number of pairs of extra color triplets and color anti-triplets. The requirement that there is no Landau pole below the Planck mass M P can be translated into a lower bound on M of the form
where Z depends on M SUSY :
This leads to
(ii) (4)) these bounds can be significantly weaker.
In our theoretical framework, there are necessarily scalars that mediate FCNC at tree level. It is often thought that the constraints on such scalars force them to be heavier than a thousand T eV . This conclusion assumes that the relevant Yukawa couplings of these scalars are of order one. Clearly, if the couplings are smaller, the bounds are weaker. If the couplings of these additional scalars are similar in their magnitude to those of the Higgs which leads to masses, they must be small [29 − 32] . In particular, it was pointed out in ref. [31] that if the couplings of these additional scalars are of the Fritzsch type they can be as light as a T eV . A more complete analysis related to flavor symmetries was given in ref. [13] . There it is pointed out that the additional scalars can be even lighter than a T eV .
The most stringent bounds in our models arise from mixing of neutral mesons.
For all models discussed in the previous section, only singlet fields S a contribute at tree level to meson mixing. The effective nondiagonal Yukawa couplings of these fields are typically of order
The mass of the field S a is also at the scale S a . Then the bounds of eq. Additional bounds can be derived from rare decays such as B → Xµ + µ − , but they depend on details of the leptonic sector, and are typically weaker than (8.6).
We mentioned the possibility that the U(1) X symmetry is broken, leading to non-renormalizable terms of the form (5.10). In this case, the situation with FCNC is entirely different as the scalar doublets contribute as well. The nondiagonal Yukawa couplings of the doublets in this class of models are typically of order
Taking φ q ∼ 0.2 T eV , we find from eq. (3.1): Again, strictly speaking the bound applies only in the minimal supersymmetric standard model, but if we require that perturbativity holds to high energy scales, this bound becomes very general [20, 21] . We should mention that even in models which are U(1) X -symmetric, the light scalars may mediate FCNC because they have small components of the singlet fields. However, as these components are of order φ 2 / S 2 , the contributions to neutral meson mixing are usually smaller than those from the heavy scalars which are dominantly singlets [32] .
To summarize, models with U(1) X symmetry and a small number of massive colored supermultiplets allow for rich phenomenology at energies accessible to future experiments -a T eV or even lower. Models with U(1) X symmetry and a large number of massive colored supermultiplets can explain all the details of the observed hierarchy in the quark sector parameters, but have no directly accessible phenomenology (similarly to the original Froggatt-Nielsen models [1] ). Supersymmetric models with no U(1) X symmetry are probably not viable.
Conclusions
The new data on m t , V cb and V ub motivated us to reexamine the old problem of the quark mass matrix. Perhaps the most puzzling aspect of the quark mass matrix is the large hierarchy between the entries. Therefore, as a first approximation we are not interested in explaining the precise values of the parameters in the mass matrix but focus on the order of magnitudes.
We parametrize the mass matrices as
leading to
Experimentally, these relations are satisfied quite well with ǫ 1 ∼ 0.04 and ǫ 2 ∼ 0.008. These are small but not extremely small numbers. The large hierarchy occurs by raising these numbers to large powers.
Following [1] and [5] we attempt to explain the hierarchy in (9.1) in terms of tree level exchanges of massive particles with mass of order M and the small parameters ǫ 1 = S1 M and ǫ 2 =
S2
M are related to the expectation values of two massive scalars (we absorb a Yukawa coupling of S to massive fields into its VEV). This is most easily achieved if we assume that m u = 0 and there are two Higgs fields with φ d ∼ ǫ 1 φ u . Then the matrices in (9.1) can be replaced with The parametrization (9.1) is not unique. Other parametrizations are possible and they lead one to consider different high energy theories. Our models should therefore be viewed merely as an existence proof to the approach presented here. In constructing a complete model one needs to find the discrete horizontal symmetry (rather than pretend that it is continuous) and make sure that it does not suffer from anomalies.
Previous attempts to explain the hierarchy in the quark mass matrices in terms of tree level exchanges of massive fields [1, 5] assumed that the relevant flavor dynamics occurs at super high energies. Both S i and M are very large (10 10 − 10 19 GeV ) with a small (but not extremely small) ratio between them ǫ i .
Unlike these authors, we suggest that the entire flavor dynamics can take place at experimentally accessible energies in the TeV range.
It is amusing to note that the set of particles that we need to add to the standard model are common in string inspired models. There we typically have a number of generations and anti-generations containing pairs of mirror fields with the quantum numbers of the standard quarks and leptons. Furthermore, the E 6 generations contain also pairs of mirror singlet D quarks and pairs of mirror lepton doublets as well as fields like our S. Also, string models often have large discrete symmetries which could be used as horizontal symmetries. It is fortunate that unlike grand unified theories these discrete symmetries can act differently on different fields in the same generation (in fact it is not clear how to group the fields into generations). The particle content of a string inspired model with four generations and a single anti-generation is large enough to produce all the hierarchies we need except that m u = 0. Although with more generations it is possible to induce a non-zero mass for the up quark we would like to remind the reader that m u = 0 leads to a possible solution to the strong CP problem and may also be consistent [24] [25] [26] . (A.10)
